We propose a scheme to demonstrate macroscopic quantum jumps in a superconducting phase qubit coupled to a microscopic two-level system in the Josephson tunnel junction. Irradiated with suitable microwaves, the Rabi oscillations of the qubit exhibit signatures of quantum jumps: a random telegraph signal with long intervals of intense macroscopic quantum tunneling events (bright periods) interrupted by the complete absence of tunneling events (dark periods). An analytical model is developed to describe the width of the dark periods quantitatively. The numerical simulations indicate that our analytical model can capture underlying physics of the system. Besides calibrating the quality of the microscopic two-level system, our results have significance in quantum information process since dark periods in Rabi oscillations are also responsible for errors in quantum computing with superconducting qubits.
I. INTRODUCTION
Superconducting Josephson devices coherently driven by external fields provide new insights into fundamentals of quantum mechanics and hold promise for use in quantum computation and quantum information.
1,2,3 Recent experiments based on Josephson tunnel junctions have unambiguously demonstrated the quantum behavior of macroscopic variable. 4, 5, 6, 7 One interesting quantum phenomenon is known as quantum jumps, which was proposed by Bohr as early as 1913. 8 Bohr suggested that the interaction of light and matter occurs in such a way that an atom undergoes instantaneous transitions of its internal state upon the emission or absorption of a light quantum. These sudden transitions have become known as 'quantum jumps'. 9, 10, 11, 12, 13 Quantum jumps were firstly observed in experiments in the 1980s by investigating the fluorescence of a single trapped ion driven by laser.
14 In such atomic systems, quantum jumps are a random telegraphic process with long intervals of intense photon emissions interrupted by periods of the absence of photons. To observe quantum jumps in macroscopic systems such as superconducting qubits, one may naturally think that it can be achieved by detecting microwave photon emissions in analogy with the way in atomic systems. However, this idea suffers from the absence of microwave photodetectors, although some theoretical efforts have been made. 15, 16 Recently, macroscopic quantum jumps were experimentally demonstrated for the first time in a superconducting phase qubit coupled with a TLS inside the Josephson junction. 17 In this experiment, the state of the system is read out not by detecting photon emissions but by detecting macroscopic quantum tunneling events, and quantum jumps behave in the form of jumping randomly between upper branch and lower branch of the switching currents. In addition, recent experiments on superconducting charge qubits also demonstrated quantum jumps by observing quasiparticle tunneling in the time domain, 18, 19 and theory for the kinetics of the system has been developed. 20 In this article, we show that macroscopic quantum jumps can be better observed in a Rabi-oscillation experiment in the phase qubit-TLS coupling system. The main points we are going to make are the following. Firstly, quantum jumps in coherent excitations of macroscopic quantum states can be well studied based on our model. In the experiment by Yu et al., 17 the energy level structure keeps changing during the measurement time, and coherent characteristic of the dynamics cannot be observed directly. The scheme proposed in this article is based on a fixed energy level structure, which is usually implemented to demonstrate Rabi oscillations as the basic skill to manipulate quantum states. As we can see below, as a result of the coherent dynamics in our model, some new features of quantum jumps which have not been expected in the previous experiments can appear.
Secondly, macroscopic quantum jumps in the qubit-TLS coupling system bring new insights into our understanding of the effects of TLS on the dynamics of the qubit. Qubit-TLS coupling system has received dramatic attention recently in both experimental 21, 22, 23 and theoretical 24, 25, 26, 27, 28, 29 studies because it is suggested that TLS is a major source of decoherence in superconducting Josephson qubits. In particular, Rabi oscillations in such qubit-TLS coupling system have been studied by several authors. 21, 27, 28, 29 However, the previous works mainly emphasized on the ensemble characteristic of the system, without considering the effects of quantum jumps in single trajectories, which is actually the original form of experimental data. 6, 17 Therefore, a detailed description of the effect of TLS on the trajectories of a single qubit is desirable.
Thirdly, recent experiments have demonstrated that TLS can be used as quantum memory with good performance. 30 It is also suggested that such TLSs them-selves can serve as qubits 31, 32 and can be implemented to generate genuine multi-qubit entangled states. 33 Therefore, characterizing the TLS is critical to improve the performance of such solid-state qubits. In this article, we show that the macroscopic quantum jumps phenomenon can be used to read out the state of TLS, which provides a new approach to calibrate individual TLS quantitatively.
This article is organized as follows. In Sec. II we briefly describe the basic physics of superconducting phase qubit under coherent driving fields, and then introduce the Monte Carlo wavefunction method which can be adopted to study the Rabi oscillations in the superconducting phase qubit. In Sec. III we introduce the qubit-TLS coupling system, and present the Hamiltonian of the hybrid system. In Sec. IV, we provide a clear physical picture of macroscopic quantum jumps in such qubit-TLS coupling system. In Sec. V, we study the width of dark periods in Rabi oscillations quantitatively with both numerical and analytical methods. In Sec VI, we show that the quantum jumps approach can be used to characterize the TLS quantitatively, and this article ends with a brief discussion on the relation between quantum jumps and readout fidelity in superconducting quantum computing.
II. QUANTUM JUMP APPROACH TO RABI OSCILLATIONS IN SUPERCONDUCTING PHASE QUBIT
In this section we briefly present the basic physics of superconducting Josephson phase qubit driven by coherent fields, and then introduce how the quantum-jump approach can be used to simulate Rabi oscillations of a single qubit. To grasp the spirit of quantum-jump approach in a simple way, here we firstly consider the qubit without coupling to a TLS.
Superconducting Josephson phase qubit is essentially a current-biased Josephson junction. The Hamiltonian of the phase qubit as shown in Fig.1(a) reads 34, 35, 36, 37 
where I 0 is the critical current of the Josephson junction, I is the bias current, C is the junction capacitance, Φ 0 = h/2e is the flux quantum,Q denotes the charge operator andδ represents the gauge invariant phase difference across the junction, which obeys the convectional quantum commutation relation [δ,Q] = 2ei. Quantum behavior can be observed for large area junctions when the bias current is slightly smaller than the critical current. The junction works as a phase qubit when the Josephson coupling energy E J = I 0 Φ 0 /2π is much larger than the single charging energy E C = e 2 /2C. In this regime, the two lowest energy levels, |0 and |1 as shown in Fig.1(b) , are usually employed as a qubit in quantum computation. The state of the qubit can be controlled through the bias current I(t) given by 37 I(t) = I dc + ∆I(t) = I dc + I µw cos ωt, where the classical bias current is parameterized by the dc current I dc and the ac current with the magnitude I µw and frequency ω.
Truncating the full Hilbert space of the junction to the qubit subspace {|0 , |1 }, the Hamiltonian of the phase qubit can be written as
where ω n is the energy frequency of state |n , Ω m = I µw 1/2hω 10 C is Rabi frequency, and ω 10 = ω 1 − ω 0 is the energy frequency between state |0 and |1 . In the interaction picture and choosing a rotating frame of the frequency ω, Hamiltonian (3) can be simplified to
where ∆ ≡ ω 10 − ω represents the detuning. To better understand our simulation method, we give a brief description of the experimental procedure firstly. In experiments, 6 the system is prepared in the initial state |0 firstly, then a microwave source is turned on for a duration time τ m (For convenience, we call τ m the measurement time below). Because the tunneling rates depend exponentially on the barrier height, the bias current I dc can be chosen so that the tunneling from |0 is essentially 'frozen out'.
6 Therefore, the Rabi oscillations between states |0 and |1 lead to an oscillating probability for the system to tunnel out of the potential. At the end of the measurement time τ m for a single run, no matter the tunneling event has happened or not, the biased current I dc is adjusted to initialize the state for the next run. Here we label the time interval for initializing the qubit state as τ p .
To simulate the dynamics of the phase qubit system with and without TLS coupling, we adopt Monte Carlo wavefunction method, which is also called 'quantum trajectories' method 9, 10, 11, 12, 38, 39, 40 . In this method, the time evolution of the system can be described by the non-Hermitian effective Hamiltonian where γ 10 is the rate of energy relaxation from |1 to |0 and Γ 1 is the tunneling rate from the level |1 out of the potential. The 'conditional state' |Ψ c (t) of the system is determined by
The procedure adopted in quantum-jump simulation of Rabi oscillations of a single qubit can be summarized as follows: (i) Determine the current probability of a relaxation or tunneling event, i.e., ∆P r = γ 10 δt Ψ|1 1|Ψ and ∆P t = Γ 1 δt Ψ|1 1|Ψ .
(ii) Obtain random numbers r 1 and r 2 between zero and one, compare with ∆P t and ∆P r respectively, and decide on tunneling or relaxation for different cases:
(a) If r 1 < ∆P t a quantum tunneling event happens. Register the time t of the event, and then turn to step (iii).
(b) If r 1 > ∆P t and r 2 < ∆P t there is a relaxation, so that the system jumps to the state |0 .
(c) If r 1 > ∆P r and r 2 > ∆P t no quantum jumps take place, so the system evolves under the influence of the non-Hermitian form
where γ ≡ γ 10 + Γ 1 and ∆P ≡ ∆P r + ∆P t .
(iii) If no tunneling event happens, repeat the previous steps until the end of the measurement time τ m .
(iv) Accounting time t over many simulation runs. By using this Monte Carlo wavefunction method, we simulate the trajectories of Rabi oscillations in a single superconducting phase qubit and the results are shown in Fig.2(b) . We emphasize that it is possible that a tunneling event never happens during a finite measurement time τ m for a single run, which is important for observing dark periods as discussed in Sec. V. To test the efficiency of our simulation method, we compare the simulated results with those obtained with master equation used in Ref [6] . As shown in Fig.2(a) , they agreed very well. Actually, it can be proved that the Monte Carlo method is equivalent, on average, to the master equation.
9,10,11
Guaranteed with the efficient method for simulating Rabi oscillations in superconducting phase qubit, we turn to the more interesting qubit-TLS coupling system.
III. HAMILTONIAN OF QUBIT-TLS COUPLING SYSTEM
Experiments have shown that some TLSs may locate inside the Josephson tunnel barrier, as illustrated in Fig.3(a) . A TLS is understood to be an atom, or a small group of atoms, that tunnels between two lattice configurations, 30, 41 , with different wave functions |L and |R . The two states of the TLS correspond to two different values of the Josephson junction critical current I 0 which is proportional to the square of the tunneling matrix element across the junction. When the TLS is in state |R (|L ), the junction critical current is I 0R (I 0L ). Then the interaction Hamiltonian between the qubit and the TLS is:
Assume an asymmetric potential with energy separated byhω T LS for the TLS, then the ground and excited states are |g = sin(θ/2)|L + cos(θ/2)|R and |e = cos(θ/2)|L − sin(θ/2)|R , where ω T LS = ε 2 + ∆ 2 0 , θ = arctan(∆ 0 /ε) with ε/2 being the energy asymmetry and ∆ 0 /2 being the bare tunneling matrix element ( Fig.3(b) ). Considering the junction is biased near its critical current 28, 37 , i.e., δ = π/2 − δ ′ with |δ
In this case, δ ′ can be well approximated as position coordinate operator of the harmonic oscillator. Using these facts and including only the dominant resonant terms arising from the interaction Hamiltonian, Equation (8) becomes where δI 0 ≡ I 0R − I 0L is the fluctuation amplitude in I 0 produced by the TLS. The coupling of the two intermediate energy levels through H int produces an energy splitting which can be characterized in spectroscopic measurements. 17, 21, 22, 23 The Hamiltonian of the qubit-TLS coupling system in the basis {|0g , |1g , |0e , and |1e } then reads
(10) To understand the underlying physics that governs the dynamic of the system more clearly, we chose the interaction picture and make a transformation to a rotating frame. Then the Hamiltonian can be simplified to the time independent form (see appendix)
where ∆ ≡ ω 10 − ω and ∆ r ≡ ω T LS − ω 10 are the detunings, Ω c = (δI 0 sin θ/2) 1/(2hω 10 C) i s the avoided energy level crossing between |0e and |1g , and Ω m = I µw 1/2hω 10 C is the Rabi frequency between the qubit state |0 and |1 . From Hamiltonian (11), we can divide the system into two subspaces A ≡ {|0g , |1g } and B ≡ {|0e , |1e }. The effective coupling strength between A and B is decided by several parameters including Ω c , ∆ r , ∆ and Ω m . Interestingly, the parameters ∆ r , ∆ and Ω m can be easily controlled by adjusting the bias current I dc , the microwave frequency and the microwave amplitude, respectively. 17 While in the interior of the subsystem, the coupling strength Ω m /2 between states |0g and 
|1g (|0e and |1e ) can be controlled by adjusting the amplitude of the microwave.
6,7 Therefore, the qubit-TLS coupling system behaves as an "artificial atom" which can be manipulated flexibly.
IV. QUANTUM JUMPS IN QUBIT-TLS COUPLING SYSTEM
To have a clear physical picture of macroscopic quantum jumps in qubit-TLS coupling system, we provide an analogy with quantum jumps in quantum optics, which has been well developed for years.
9,10,11,12,13,14,38,39,40 In quantum optics, the system generally has energy structure shown in Fig.4(a) . Two excited states |1 and |2 are connected to a common ground state |0 via a strong and weak transition, respectively. The fluorescent photons from the strong transition are observed. However, an excitation of the weak transition where the electron is temporarily shelved in the metastable level |2 will cause the strong transition to be turned off. Therefore, it is possible to monitor the quantum jumps of the weak transition via the signal provided by the fluorescence of the strong transition. In the language of quantum measurement theory, 42 the fluorescence from the strong transition acts as a pointer from which the microscopic quantum state of the atom may be determined.
Similarly, in the qubit-TLS coupling system considered here, quantum jumps between macroscopic quantum states are also proposed to happen. As discussed in Sec. III, we can have a weak transition between states |1g and |0e by adjusting the bias current and a strong transition between |0e and |1e (or between |0g and |1g ) by adjusting the microwave amplitude. However, different from observing fluorescent photons in atom systems, the states of the qubit-TLS coupling system are read out through quantum tunneling. As has been proved in experiments 17 , in the qubit-TLS coupling system, different states correspond to different tunneling rates. 43 Therefore, by adjusting the bias current at a proper value, only the tunneling from state |1e is prominent, and tunneling from other states can be neglected.
Then the physics for quantum jumps in qubit-TLS coupling system is straightforward. When the system stays in subspace B{|0e , |1e }, quantum tunneling events in the Rabi oscillation form (see Fig.2 ) can be observed. However, once the system transitions into subspace A{|0g , |1g } (dark area in Fig.4(b) ), where the system has little probability to tunnel out the potential, no quantum tunneling events can be observed during the measurement time, and then dark periods in Rabi oscillations appear. To substantiate our proposal, we investigate this phenomena numerically with the Monte Carlo wavefunction method introduced in Sec. II. In the qubit-TLS coupling system, the dynamics can be described by the non-Hermitian effective Hamiltonian (12) where Γ 1e is the tunneling rate of state |1e and γ 10 is the relaxation rate from |1e to |0e (|1g to |0g ). It is noticed that we do not take into account the relaxation effect of the TLS, because the lifetime of the TLS is much longer than that of the phase qubit. 21, 31, 33 Actually, this effect can be easily considered in the same way as we consider the relaxation of the qubit. The quantum state either evolves according to the schrödinger equation, or 'jumps' to an eigenstate of the system with certain probability. The measurement result serves as a pointer to determine the quantum state of the system. Once a quantum tunneling event happens, we know that the state of TLS is |e ; then in the next run the initial state of the system is prepared in the corresponding qubit ground state |0e . On the contrary, if no quantum tunneling event happens during a sufficient long measurement time τ m , we can confirm that the system is in subspace A{|0g , |1g }, i.e., the state of TLS is |g . Then in the next run of simulation the initial state is prepared in the corresponding qubit ground state |0g and dark periods in Rabi oscillations may appear. We emphasize that if the measurement time τ m is short, the TLS's state cannot be determined if no quantum tunneling event happens at the end of τ m . In this case, we decide the initial state of the next run using Monte Carlo method according to the population of |g and |e respectively. As shown in Fig.5 , in the simulated trajectories the quantum tunneling events are disturbed by dark periods during which no tunneling events are observed. In addition, it is found that the average width N D of dark periods for ∆ r = 2Γ 1e is smaller than that for ∆ r = 5Γ 1e (Here N D means the the average number of runs in a single dark period). One may simply think that as the detuning ∆ r increases, the coupling between subspace A and subspace B becomes weaker. Therefore the system is more difficult to make transitions between A and B, thus leading to a larger average width of dark periods. However, this is not always the case. As discussed below, we will give a quantitative description between N D and ∆ r .
V. RELATION BETWEEN DARK PERIODS AND DETUNING
In this section we study the relationship between the average width N D of dark periods and the detuning ∆ r . We start from investigating the transition rate from subspace A{|0g , |1g } to subspace B{|0e , |1e }, i.e., Γ D = 1/T D , where T D is the lifetime of the dark periods. A simple method is to study the time evolution of the population of |1e in the qubit-TLS coupling system based on the effective Hamiltonian (12) . As shown in Fig.6 (Here we have deducted the initial-state preparing time τ p ), the population of |1e is interrupted by random periods of 'darkness'. Quantum jumps from dark periods to bright periods indicate that the system jumps from subspace A to subspace B. We make an ensemble average over the lifetime of the dark periods. As shown in Fig.7 , it is interesting that the transition rates reveal three peaks as a function of the detuning ∆ r . In addition, we find that the positions for the two side peaks are Ω m and −Ω m , respectively.
To understand the underlying physics, we rewrite the Hamiltonian (11) in the subspace A and B, respectively. In the resonant case ∆ = 0, the Hamiltonian in the basis
from which it is clear that the eigenstates in subspace A can couple to the eigenstates in subspace B independently with the coupling strength Ω c /2. Then the physical picture is clear as follows. The energy separation between the two eigenstates in each subspace is equal to the Rabi frequency Ω m . For the detuning ∆ r = 0, |A e is resonant with |B e , and |A g is resonant with |B g ; for ∆ r = Ω m , only |A e is resonant with |B g ; and for ∆ r = −Ω m , only |A g is resonant with |B e . Note that all coupling strengthes are Ω c /2, one would intuitively expect the height of the central peak to be twice that of a side peak, and it confirms from the results of the simulation. Furthermore, we utilize the Wilcox-Lamb method 44 to obtain an analytical form of the transition rate Γ D . In the approximation to the first order, the transition rate from subspace A to subspace B has a simple form
where γ = (2γ 10 + Γ 1e )/2, ρ i is the probability of state |i (here ρ Ae = ρ Ag = 1/2), and ∆ ij are the detunings between states |i (|i ∈ {|A e , |A g }) and |j ((|j ∈ {|B e , |B g }) in the forms ∆ Ae,Be = ∆ Ag,Bg = ∆ r , ∆ Ae,Bg = ∆ r − Ω m , and ∆ Ag,Be = ∆ r + Ω m . As shown in Fig.7(a-b) , our approximate analytical results agree with the simulation results considerably.
Furthermore, Equation (14) can be straightforwardly generalized to the off resonant case ∆ = 0 in the form
where λ ij represent the coupling coefficients between states |i and |j . Here |i ∈ {|A e ≡ sin However, in the case ∆ = 0, the heights of the side peaks are unequal because of the different coupling coefficients λ ij . As expected, the above analysis is well demonstrated in Fig. 7(b-c) , where the agreements between numerical simulations and analytical results are clear. Then we can estimate the average width N D of the dark periods in Fig.5 . Supposing the system is in subspace A initially, the probability for the system residing in A at the end of a single run with interval τ m is
Because the probability P for each run is independent, the average width of the dark periods can be expressed as
Both the simulated and analytical results for N D are shown in Fig.8 and they agreed very well. The agreement between the numerical and analytical results indicated the validity of our model. In experiments, the coupling strength Ω c is typically 20MHz ∼ 100MHz, 17,21,30 γ 10 is typically 1MHz∼100MHz, and other parameters including Γ 1e , ∆ r and Ω m can be controlled flexibly in a large regime to fulfill our theoretical discussions by manipulating the biased current or microwave amplitude. 6, 7 Therefore, our scheme is feasible within the current technique.
VI. CONCLUSION
We have proposed a scheme to observe macroscopic quantum jumps in Rabi oscillations of a superconducting phase qubit coupled to a TLS. This scheme provides a new tool to characterize the TLS quantitatively. Dark periods and bright periods in Rabi oscillations indicate the TLS residing in states |g and |e , respectively. Therefore, the paramerer Γ D discussed in Sec. V describes the transition rate between |g and |e of TLS, which is induced by the coupling between qubit and TLS. To obtain the intrinsic lifetime of the TLS, which is known as induced by coupling to elastic strain field, 28 we just need to decouple the TLS with qubit by setting the detuning ∆ r ≫ Ω m . Moreover, in recent experiments, the TLSs are observed in other kinds of superconducting qubits such as charge qubit 18, 19, 22 and flux qubit 23 . We believe that the method and model in this article can also be generalized to such systems as well as other systems with similar energy level structure.
Furthermore, in the process of quantum computing, the quantum computer usually evolves into a highly entangled state. A quantum jump tends to destroy such entangled state and make the result of quantum computing incorrect, which is known as decoherence induced by quantum jumps. However, in this article we found that quantum jumps can lead to another type of negative effect on quantum computing, that is, the errors in reading out the quantum state. For example, once the system jumps into the dark periods, the qubit's state cannot be read out using the normal methods, although the qubit can still evolve coherently between state |0 and |1 . In this case, from the measurement results, we always believe the qubit is staying in state |0 . That is to say, quantum jumps leads to a readout error in the qubit. Since the previous literatures emphasized the decoherence induced by the quantum jumps, we hope the discussion in this article can bring new insights into our understanding of the effects of quantum jumps on quantum computing.
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where ∆ ≡ ω 10 − ω and ∆ r ≡ ω T LS − ω 10 are the detunings. We make a transformation to the rotating frame such that the wave function |ψ in the original Hamiltonian (18) can be expressed as 
Then the Schrödinger equation
